We study the behaviour of the normalized Kähler-Ricci flow on complete Kähler manifolds of negative holomorphic sectional curvature. We show that the flow exists for all time and converges to a Kähler-Einstein metric of negative scalar curvature, recovering a result of Wu and Yau in [16] .
Introduction
The Kähler-Ricci flow has become one of the most important tools in understanding the existence of Kähler-Einstein metrics, see for example [1, 2] for well-known results in this direction. In 2015, Wu and Yau in [14, 15] proved the existence of Kähler-Einstein metrics with negative scalar curvature on compact Kähler manifold X when X admits a Kähler metric with negative holomorphic sectional curvature, their result sheds light on the deep relationship between holomorphic sectional curvature and Ricci curvature. Recently in [16] , they extended their result to the case where X is complete noncompact while assuming the sectional curvature of X is bounded. The approach of using the Kähler-Ricci flow to study the same problem has been explored by Nomura in [5] , where he reproves the results in [14, 15] using the Kähler-Ricci flow. However, his method do not extend to the noncompact setting as he uses a result of Demailly-Paun on the numerical characterization of the Kähler cone [4] , which has no analogue in the noncompact setting.
In this note, we will take the Kähler-Ricci flow approach to recover the results of [16] by showing the convergence of the normalized Kähler-Ricci flow to a complete Kähler-Einstein metric. One advantage of this approach is that it relies only on elementary maximum principle and we are able avoid some of the more sophisticated arguments used in [16] . For instance, we do not make use of the quasi-bounded coordinate charts constructed in [16] , and we can also avoid the maximum principle argument used in [16] to show the negative holomophic sectional curvature condition is preserved for short time along the Ricci flow. This is also interesting from the point of view of parabolic PDEs because the equation obtained (8) , is a complex monge ampere equation with a background metric which is time dependent, hence the nonlinear parabolic theory on manifolds developed in [7] does not apply. for some constant B > 0, and suppose that the holomorphic sectional curvature of ω 0 is bounded above by a negative constant,
for some κ > 0. Then the normalized Kähler-Ricci flow starting at ω 0 exists for all time and converges smoothly to a complete Kähler-Einstein metric ω KE of negative scalar curvature on M which satisfies
for constants C and C l , for l = 0, 1, . . . depending only on B and κ.
Lower bound on the evolving metric
The short time existence of the Ricci flow when (M, ω 0 ) is complete and has bounded curvature was established by Shi in [11] . In this case, he is able to obtain a Ricci flow solution for short time which also has bounded curvature and satisfied his derivative estimates. The uniqueness of this solution is proved by Chen and Zhu in [3] . From now on, let (M, ω(t)) denote the solution of the normalized Kähler-Ricci flow with initial metric ω 0 obtained from Shi's estimates. That is, ω(t) satisfies
and the metrics ω(t) are all complete with bounded curvature, are uniformly equivalent to the initial metric ω 0 and satisfies Shi's derivative estimates. Before we proceed to the main content of this section, we need a version of the maximum principle on non-compact manifolds along the Ricci flow. This can be found for instance in [12] , but we will prove a version that we need here. 
Proof. From [9, p. 26] we know that there exist a proper smooth function ρ : M → R and a constant C such that |∇ρ| ω 0 ≤ C, ρ(x) ≥ Cr ω 0 (x) and |∇ 2 ρ| ω 0 ≤ C where r ω 0 (x) is the distance function from some point.
Then
which has a maximum since f is bounded above and ρ(x) ≥ Cr(x) goes to infinity at infinity. Then it is easy to see that t k = 0 for k large, so we have
since the metrics are uniformly equivalent along the Ricci flow, then |∇ρ| g 0 ≤ C implies |∇ρ| g(t) ≤ C. We only need to show that |∆ g(t) ρ|≤ C
ρ|≤ C is always bounded, which means |∆ g(t) ρ|≤ C. Now we prove a uniform lower bounds on the evolving metrics ω(t). This is an adaptation of the Schwarz lemma calculation of Wu and Yau in [14] . The original calculation is based on Yau's generalized Schwarz lemma [17] and Royden's improvement [8] to the setting of holomorphic sectional curvature. Proposition 2.2. Along the flow, we have
for all time t, as long as the flow exists.
Proof. We compute the evolution of the quantity S = tr ω(t) ω 0 , adopting the notation that
, and we put a hat over all quantities and objects associated to the metric ω 0
and it follows
S we need the following algebraic identity, which was one of the steps in Yau's proof of the Calabi conjecture. The proof can be found in [18, p.349 ]
we obtain the following differential inequality for S.
Since S is bounded above by our assumption, we can apply the maximum principle to this inequality and get a uniform estimate for S up to any time,
and this implies
giving the desired lower bound for the metrics ω(t).
Upper bound for the metric
In this section we will provide an upper bound for the metric. To do this, we need to define a potential ϕ and write the Kähler-Ricci flow equation as an equation of the potential ϕ. Define
differentiating this equation gives
Then if we letω(t) = e −t (ω 0 − i∂∂ log ω n 0 ) + i∂∂ log ω n 0 + i∂∂ϕ, by (7),ω satisfies the ODE,
and sinceω(0) = ω 0 , we can conclude from uniquess of solutions to ODE thatω(t) = ω(t).
Hence the potential ϕ satisfies the equation
Proposition 3.1. There exist a constant C > 0 depending only on B and κ in theorem 1.1, such that |ϕ|≤ C and |φ|≤ Cte −t for any t.
Proof. We compute the evolution ofφ,
we can rewrite this as
by the previous section we know that tr ω(t) ω 0 is bounded. Also by our assumptions, we know that the curvature tensor at the initial time is bounded so |Ric(ω 0 )| ω 0 and tr ω(t) ω 0 are both bounded, which gives a bound |tr ω(t) Ric(ω 0 )|≤ C so the right hand side of (9) is bounded
we can apply the maximum principle to this and get
then integrating this gives the bound on the potential ϕ.
Corollary 3.1.1. There exist a constant C > 0, depending only on the constants B and κ in theorem 1.1, such that
for any t, as long as the flow exists.
Proof. From the equation (7), we know that
and by our proposition, we know that ϕ +φ is bounded for all time, hence we have
and from the previous section, we also have
If we choose an orthonormal frame on the tangent space such that (g 0 ) ij = δ ij and g ij = λ i δ ij , then the inequalities can be written as
so combining them we get
this gives the upper bound for λ i , which gives an upper bound for ω(t).
From this, the long time existence and convergence can be obtained from standard estimates of the Kähler-Ricci flow. For example, we can apply local estimates in [10] applied to the holomorphic coordinate systems constructed in [16] to obtain the result. For the sake of completeness, we will provide an argument here, the argument is elementary in that it uses only the maximum principle.
Long Time Existence
In this section, we show the flow exists for all time and the curvature and its covariant derivatives are all bounded. The method is the same as in the compact case, see for example [13] .
Proposition 4.1. The flow (M, g(t)) exists for all time, and there exist constants C l depending only on the constants B and κ from theorem 1.1 such that
Proof. Suppose the flow exists on a maximal time interval [0, T max ), it suffices for us to bound the curvature of ω(t) are bounded up to the final time T max . Then by Shi's theorem, we can then extend the flow past time T max and we get our desired bounds on the covariant derivatives of curvature.
First we need an estimate on the derivative of the metric, such estimates were used by Yau in his solution of the Calabi conjecture [18] .
Consider the following quantity
where∇ is the connection with respect to some fixed reference metricĝ, and
is the difference of the connections. S satisfy the following identity
and
see [6] or [13] for the calculations. By Shi's theorem, we know the flow must exist for at least some definite amount of time t ∈ [0, ǫ) where ǫ depends only on the constant B in theorem 1.1. So we can now fixĝ = g(ǫ/2) for instance, then by Shi's theorem, the curvature ofĝ and its covariant derivatives are all bounded by constants depending only on the initial curvature bound B. Then the identity (11) gives
and from (12),
Letting A = 2CM and applying the maximum principle, we obtain that S ≤ C for some uniform constant C. Now we bound the curvature, the norm of the curvature tensor satisfies an inequality, [13, Lemma 2.12]
for C depending only on dimension. And from (11),
so we have
picking N = 2C. and applying the maximum principle gives the desired bound on cuvature. Then the bounds on covariant derivatives of curvature follow by Shi's estimates.
Convergence
Proposition 5.1. There exist constants C ′ l > 0 depending only on B and κ from theorem 1.1 such that
Proof. The proof follows a similar method as the one used to bound the derivative of the metric under the Kähler-Ricci flow in [6] . We will denoteĝ = g(1) and put a hat on all quantities associated toĝ. Consider the quantities
we would like to obtain bounds for all the S l , this is the content of the following lemma.
Lemma 5.2. For every l ≥ 0, there exist constants D l so that the quantities S l satisfies the following inequality
the constant D l > 0 depend only on C l from proposition 4.1 and C in corollary 3.1.1. Then there exist constant B l ≥ 0 depending only on D l such that
Proof. We prove this by induction on l, for l = 0, this is true by the calculation in [6] . Suppose the lemma is true for any l < k, then we compute
where ∆ = g ab ∇b∇ a and ∆ = g ab ∇ a ∇b is its conjugate. Then we have
and in particular we have
so combining the computations above, we have
next we compute,
where Q is some expression involving only the quantities in the bracket, in particular this term is bounded by the induction hypothesis. So by the induction hypothesis, we have
then from (23), we get
this proves the first part of the lemma. Next, from this we have
and by choosing A = C k + 1 and using the induction hypothesis that S k−1 is bounded, we get
applying the maximum principle, we get the bounds S l ≤ B l , where we can set B l to be
So we have uniform bounds on S k , which means bounds on all derivatives of T in the holomorphic directions. But we claim that actually all derivatives of T are bounded. To see this, note that the identity ∇īT l jk =R l ijk − R l ijk allows us to get rid of a derivative in the antiholomorphic direction and replace it by curvature terms, which we know are bounded and have bounded derivatives. So to bound the mixed derivatives, we can first commute the derivatives to move the antiholomorphic ones in front and then use this identity and the fact that the curvature and all its derivatives are bounded. From this we can conclude that |T | C k (M,g(t)) ≤ C k it follows that |T | C k (M,ĝ) ≤ C k , so we get uniform bounds on the C k norms of T with respect to the fixed background metric. Then from the following identity T k ij gm k =∇ i gm j we can get uniform bounds on the C k norm of g.
Now we can prove the main theorem,
Proof of theorem 1.1. By (3.1), we know that ϕ(t) convergences in C 0 to some limit ϕ ∞ , which is continuous, andφ converges to 0 uniformly. Now from our definition of ϕ, we have ϕ(x, t) := e 
